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ABSTRACT
A universal characterization of non-Markovianity for any open hybrid quantum systems is presented. This formulation is based
on the negativity volume of the generalized Wigner function, which serves as an indicator of the quantum correlations in any
composite quantum systems. It is shown, that such defined measure can be utilized for any single or multi-partite quantum
system, containing any discrete or continuous variables. To demonstrate its power in revealing non-Markovianity in such
quantum systems, we additionally consider a few illustrative examples.
Introduction
In Nature, any real quantum system can be significantly af-
fected by its connection to surrounding ambient. This in-
cludes interchanges of information, excitations, or energy.
Considering only the information interchange, if the infor-
mation only flows from the system to the environment, the
corresponding dynamics is said to be Markovian, as the envi-
ronment is memory-less. Whereas in any other case we deal
with the non-Markovian environment.1 While for decades
the Markovian dynamics has been in the central attention of
investigators, a rapid development of open quantum systems
strongly coupled to their environments showed major chal-
lenges. In order to incorporate the back-action effects from
environment to a system, several methods have been devel-
oped, e.g., the Nakajima-Zwanzig equation2,3 and the time-
convolutionlessMaster equation.4–7 As examples of physical
systems, where these models are appropriate, one can con-
sider atoms in optical cavities,8 superconducting circuits,9,10
photonic-crystal cavity,11 etc.
In order to correctly characterize the dynamics of
open quantum systems, many different measures of non-
Markovianity have been introduced over time. This prob-
lem can be studied by taking different approaches and, ob-
viously, by using different tools. The fundamental approach
is based on the divisibility test of quantum maps Λ(0, t) =
Λ(t,s)Λ(s,0). That is, if the mapping can be divided at any
time interval onto sub-intervals, this would imply a lack of
history in the time evolution of a system.12 The measure
proposed by Breuer, Laine, amd Pillo13,14 is based on the
distinguishability of two quantum states quantified via their
trace distance. When affected by any Markovian environ-
ment, their trace distance never increases with time. Another
measure makes use of the entanglement evolution between
the system and some ancillary state,15 when connected to
the environment. A somewhat different approach, based on
the changes in volume space of accessible states for N-level
systems and Gaussian states, was proposed in Ref.16 The
application of correlation and a more general response func-
tions in detecting non-Markovianity have been presented in
Refs.17–21 Just recently, the proposal based on the quan-
tized coherence was theoretically and experimentally exam-
ined.22 Moreover, the utility of neural networks and quantum
computers in revealing non-Markovian dynamics have been
shown in Ref.23 and Ref.,24 respectively. For a more gen-
eral overview on the non-Markovianity and its measures, we
recommend to see Refs.25,26
However, the previously mentioned measures are taking
into account a particular structure of the system, which is typ-
ical for the entanglement based-measures. The very recent
attempts to describe the non-Markovian dynamics of hybrid
states in Ref.,21 also relies on a specific form of a composite
system. To circumvent this, one would require a universal
formulation for any kind of quantum states, which can be
achieved, e.g., by using the quasi-probability distributions.
Since its formulation in 1930s, the Wigner function
(WF)27 has become an indispensable tool in the both clas-
sical and quantum domains.28 It allows one to present any
quantum state using the real-valued function in position-and-
momentum space. This formulation is valid for systems with
continuous variables (CVs). For discrete variables (DVs), the
WF can be formulated for discrete states projected to the ba-
sis of continuous functions.29 Recently, in Refs.30,31 the
unifying approach based on the transformation kernels for
each subsystem has been presented, which permits to define
a generalized Wigner function (GWF) for an arbitrary com-
plex quantum system, consisting of any DV or CV subsys-
tems, so-called “hybrid” systems. The proposed framework
not only unifies different variable domains, but also enables
to visualize the quantum correlations in such systems.32,33
In this contribution, we employ the definition of GWF for
arbitrary quantum system to introduce a new measure of non-
Markovianity. We demonstrate the power of the proposed
measure to reveal non-Markovian dynamics in composite sys-
1
tems on two canonical examples, namely, on qubit-qubit and
qubit-squeezed coherent states. Our measure is based on
the changes of the negativity volume (NV) of GWF when
the system is interacting with its environment.34,35 As we
show bellow, the Markovian dynamics is reflected by a pure
monotonic behaviour (decreasing) of the NV, as the system
and the environment became more and more entangled. On
the other side, the non-Markovian dynamics shows reduced
(and also increasing) changes of NV. This feature offers us
to quantify a degree of non-Markovianity based on the nega-
tivity volume of the GWF. Most importantly, such behaviour
is observed for any CV, DV, or hybrid quantum systems, all
being either single or multipartite. We also note that the con-
cept of negativity volume of the standard Wigner function in
a CV domain has been already utilized in detection of non-
Markovianity in bosonic systems.36
Results
Non-Markovianity identifier
A generic Markovian dynamics can be described by a master
equation:
dρˆ
dt
= L ρˆ , (1)
where L is, in general, a time-dependent Liouvillian super-
operator, and for a weakly coupled bosonic Markovian envi-
ronment the Liouvillian L attains the Gorini-Kossakowski-
Sudarshan-Lindblad form.37,38 However, it can be also used
to describe the non-Markovian dynamics. For a hybrid sys-
tem, consisting of the discrete and continuous parts, the Li-
ouvillian L can be decomposed as follows
L = L0+Ld +Lc, (2)
where
L0 =
1
ih¯
[
Hˆ, ·] ,
Ld = ∑
m
γd,m(t)
(
Lˆd,m · Lˆ†d,m−
1
2
{
Lˆ
†
d,mLˆd,m, ·
})
,
Lc = ∑
n
γc,n(t)
(
Lˆc,n · Lˆ†c,n−
1
2
{
Lˆ†c,nLˆc,n, ·
})
. (3)
The Liouvillian superoperatorsL0, Ld , and Lc describe the
coherent, incoherent discrete and incoherent continuous sys-
tem evolution, respectively. Such superoperators can induce
either dissipation or amplification in reduced quantum sys-
tems.39 Lˆ is a Lindbald operator with Lˆ† being its Hermitian
conjugate; the square [ ] and curl { } brackets denote com-
mutator and anticommutator, respectively; the symbol · is a
placeholder to indicate where an operator should be applied;
and the damping coefficients γ(t) are, in general, considered
to be time-dependent.
Let us first start by considering a simple case when the
damping coefficients γ , in Eq. (3), are time-independent. The
formal solution of the density matrix ρˆ(t), in Eq. (1), then
reads as
ρˆ(t) = exp(L t) ρˆ(0). (4)
The map ζ (t) = exp(L t), which governs the dynamics of
ρˆ in Eq. (4), is completely positive and trace preserving
(CPTP), and becomes a part of a semigroup. Given the form
of the dynamical map ζ (t) in Eq. (4), one then can diago-
nalize the Liouvllian L and decompose an initial density
matrix ρˆ of a system on the Liouvillian eigenmatrices ρˆi.
The Liouvillian eigenmatrices ρˆi are found via eigenfunction-
eigenvalue relation L ρˆi = λiρˆi, where λi is the correspond-
ing Liouvillian eigenvalue. Moreover, the real part of the
Liouvillian eigenvalues are always negative, i.e., Re[λi] ≤ 0,
which ensures the stability of the system. Since the Liou-
villian L is, in general, a non-Hermitian superoperator, its
eigenmatrices are biorthogonal in a sense that Tr [σˆiρˆ j] = δi j,
where σˆi is the left eigenmatrix of the Liouvillian L , i.e.,
L †σˆi = λ
∗
i σˆi. The eigenmatrix ρˆ0, corresponding to the
eigenvalue λ0 = 0, describes the Liouvillian steady state, and
its trace equals Tr[ρˆ0] = 1. Moreover, the remaining eigenma-
trices ρˆi with i 6= 0 are all traceless. As such, the eigenmatri-
ces ρˆi do not represent genuine states. It is the combinations
of eigenmatrices of ρˆi which form the genuine density matri-
ces of a system.40
In light of the mentioned above, the density matrix ρˆ of
the hybrid state can be, thus, written as following1,41
ρˆ =
N2−1
∑
i=0
viρˆi, (5)
with~v = (1,~w), where wi = Tr[σˆiρˆ ]. The total Hilbert space
of a system is N = Nd ×Nc, where Nd (Nc) is Hilbert space
of discrete (continuous) part of a system. Moreover, due to
the CV part, the total Hilbert space is infinite, i.e., N → ∞,
since Nc → ∞. Nevertheless, it is always possible to make a
truncation of Hilbert space at some finite N without affecting
much the very description of a system, though N can still
be large. Indeed, in real experiments one always deals with
a finite number of photons in a system, thus, the truncation
assumption, in practice, can be justified.
After switching on the dynamical map ζ (t), t > 0, accord-
ing to Eq. (4), the transformation matrix
Mt : Mt~v0 →~vt (6)
attains a diagonal form, since
M i, j(t) = Tr
[
ρˆiζt [ρˆ j]
]
= δi j exp(λ jt) . (7)
Therefore, any positive trace preserving map satisfying
Eq. (7), induce a contraction of the vector ~vt to the
steady state vector ~vt → ~vss = (1,~0) with t → ∞. More-
over, the latter conclusion can be generalized to any time-
dependent Markovian processes, whose dynamical maps
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ζ (t) = exp
(∫
L (t)dt
)
are divisible, in a sense that they can
be represented as a composition of two CPTP maps:12,42
ζ (t + τ,0) = ζ (t + τ, t)ζ (t,0), ∀t,τ ≥ 0. (8)
As a result, with evolving time, the vector~vt can only be grad-
ually reduced to a steady-state vector. We also note that the
concept of the change of the vector of states can also be for-
mulated in terms of the volume of states when presenting a
system in finite-dimensional space, e.g., for SU(N) discrete
or Gaussian continuous systems.16 We would also like to
stress here that the exact diagonal form of the transformation
matrix Mt , in Eq. (7), is only achieved when there no ex-
ceptional points (EPs), i.e., exotic spectral degeneracies, in
a system.40,43,44 Nonetheless, even in the presence of the
EPs, the given conclusions can be straightforwardly general-
ized by considering the pseudo-eigenstates of the Liouvillian,
which attains a Jordan form at an EP.40,43
The notion of the change of the vector of states ~vt can be
easily recast to the change of the negativity volume of the
GWF W . The usefulness of using NV of the GWF lies in
its ability to detect quantum correlations in hybrid systems,34
and thus its potential in identification of non-Markovianback-
flow of nonclassicality from environment to such systems.
The generalizedWigner functionW for a hybrid system, is
defined as follows:30
W = Tr
[
ρˆ∆ˆd ⊗ ∆ˆc⊗·· ·
]
, (9)
where ∆ˆd,c are kernel operators corresponding to the discrete
and continuous subsystems, respectively. And its negativity
volume is found as
N =
1
2
[∫
dΩ |W (Ω)|− 1
]
, (10)
where Ω is an appropriate differential volume (see Methods
for details).
By considering again time-independent dynamical map
ζ (t) in Eq. (4), and by combining Eqs. (5) and (9), one ar-
rives at the following expression for the Wigner function of
the initial state ρˆ :
W =
N2−1
∑
i=0
viWi, (11)
where Wi are Wigner functions corresponding to the Liouvil-
lian eigenmatrices ρˆi. Note that because of the traceless prop-
erty of the Liouvillian eigenmatrices ρˆi, i > 0, the total vol-
umes of the correspondingWi are zero, i.e.,
∫
WidΩ = 0. This
means that in general Wi attain negative values, and, there-
fore, each of them contributes to the total negativity of the
GWF of a system. It is worth mentioning that the GWF can
already exhibit negativity for single qubit states, which do
not possess any quantum correlations,30,34 that is in a strik-
ing contrast to ordinary Wigner function, defined for contin-
uous states, where the negative values signal the presence of
nonclassicality.39 Thus, it is a threshold in the values of the
NV of the GWF which identifies the presence of nonclassi-
cality.34 Now, for the GWF in Eq. (11), the action of the
dynamical map ζ (t) will only induce the decrease of the NV
of each Wi, and, as a consequence, the total NV N of the
GWF, due to the contraction of the vector~vt to a steady state,
according to Eqs. (6) and (7). Such a decrease of the NV of
the GWF for the Markovian time-independentmaps has been
already demonstrated in Ref.34 Moreover, such a tendency in
decreasing of the NV of the GWF will be preserved even for
general time-dependent Markovian processes, because of the
divisibility property of such time-dependent dynamical maps
in Eq. (8).
Any non-Markovian processes, on the other hand, can in-
duce the increase of the vector of states ~vt , namely ~wt , and,
thus, a sudden increase of the Wigner function negativity vol-
ume, which allows to detect a backflow of nonclassicality
from an environment to a system. The divisibility condition
for quantummaps12 mentioned earlier implies that the NV of
the GWF remains a monotonic function of time. This means
that any deviation of system dynamics from, in general, the
time-inhomogenuous Markovianity, will be reflected in the
non-monotonical behaviour of the NV of the GWF. Indeed,
any non-Markovian effects, e.g., the flip of the sign in the de-
caying rates γ < 0, will be detected by the change in the sign
of the speed of the NV N , which for Markovian dynamics is
always negative, i.e, dNM/dt < 0. Thus, in order to quantify
the degree of non-Markovianity, we can define the following
measure:
DNM = 1−
∣∣∫ dN
dt
dt
∣∣∫ ∣∣ dN
dt
∣∣dt , (12)
which can vary in the range DNM ∈ [0,1], and, therefore, the
Markovianity is determined whenever DNM = 0.
We will demonstrate the ability of the measure DNM , given
in Eq. (12), in its identification of the non-Markovian dynam-
ics in hybrid open systems on several examples considered in
the subsequent sections.
Environment Models
In what follows, in our demonstration of the ability of the
NV of the GWF to detect the non-Markovian dynamics of
hybrid systems, without loss of generality, we we will focus
on hybrid systems whose discrete part is formed by a qubit
and the continuous part by a photonic field.
As such, we consider the following incoherent Lindblad
operators, in Eq. (3), for the qubit and photonic parts, respec-
tively:
Lˆq =
√
γq(t)σˆz, Lˆp,1 =
√
κ1(t)aˆ, Lˆp,2 =
√
κ2(t)nˆ. (13)
Namely, the qubit decoherence is encoded by the Pauli ma-
trix σˆz. Whereas the decoherence of the photonic part is
represented by the amplitude damping Lˆp,1 ∝ aˆ and photon
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Figure 1. The damping functions for (a) the Lorentzian
spectrum: δ0 = 4.0, λ = 1.0, ∆ = 1.0 (blue curve);
δ0 = 10.0, λ = 2.0, ∆ = 8.0 (orange curve); δ0 = 20.0,
λ = 2.0, ∆ = 16.0 (green curve); c2 = c4 = 1; and (b) the
Ohmic-type spectrum: s = 0.5, ω0 = 5, ωc = 10.0, η = 0.01
(blue curve); s = 1.0, ω0 = 6, ωc = 10.0, η = 0.05 (orange
curve); s = 3.0, ω0 = 5, ωc = 2.54, η = 0.05 (green curve);
c2 = 0 c4 = 1.
dephasing Lˆp,2 ∝ nˆ processes, where aˆ and nˆ are the annihi-
lation and photon number operators, respectively. The damp-
ing functions of the qubit and photonic parts, in Eq. (13), are
denoted as γq(t) and κi(t), i = 1,2, respectively. Also, we
assume that the Hamiltonian Hˆ in Eq. (3) describes the free
evolution of the qubit and photonic field. It attains the form
Hˆ =
ωq0
2
σˆz +ωp0nˆ, where ωq0 and ωp0 is the qubit transition
frequency and the photonic field frequency, respectively. We
will work in the interaction picture, and, for simplicity, we
set ωq0 = ωp0 = ω0, as we consider both decoherences act-
ing separately in examined cases.
The non-Markovian evolution is introduced via the time
convolution-less (TCL) projection operator techniques em-
ploying up to the fourth-order correction terms representing
the damping functions γq(t), as well as κ1(t) and κ2(t), using
the following expression originating in a perturbation expan-
sion:1
γ(t) = c2γ2(t)+ c4γ4(t) (14)
γ2(t) = Re
[
2
∫ t
0
dt1 f (t− t1)
]
(15)
γ4(t) = Re
[
2
∫ t
0
dt1
∫ t1
0
dt2
∫ t2
0
dt3 [ f (t− t2) f (t1− t3)+
+ f (t− t3) f (t1− t2)]] , (16)
where the time correlation function f (τ − τ ′) =∫ ∞
0 dωJ (ω)e
i(ω0−ω)(τ−τ ′) and c2, c4 are non-negative
strength coefficients, which are employed to additionally
control the interaction. Again, here, the form of the damping
function γ(t) formally embodies all the damping functions
given in Eq. (13). That is, the functions γq(t), κ1(t) and κ2(t)
are all decomposed in the fashion presented in Eq. (14). As
we are only interested in the evolution of NV, the frequency
Lamb shifts induced by coupling to environments, which are
time dependent, are ignored. One can also consider exactly
solvable models of non-Markovian environments.45–47 Nev-
ertheless, for the sake of simplicity, we consider all damping
functions in the form of Eq.(14), because all conclusions
drawn in the following parts are applicable as well to any
model of system-environment interactions.
Typical representative environments are described by the
Lorentzian and Ohmic-type spectral functions. The first type
of environment is related to an atom placed inside of a de-
tuned optical cavity, which is represented by the Jaynes-
Cummings model.39 Similar spectral function also describes
a qubit, represented by a spin-1/2 system, coupled to a
spin environment.48 Such reservoir is characterized by the
Lorentzian function:49
JL (ω) =
1
pi
δ0λ
2
(ω0−∆−ω)2+λ 2
. (17)
The parameter δ0 is related to the relaxation rate and λ
to the coupling. The detuning of the cavity mode from the
system transition frequency ω0 is denoted by ∆. The corre-
sponding correlation function for Eq.(19) is obtained as:
fL(τ − τ ′) = δ0e−i(τ−τ
′)∆−λ |τ−τ ′| (18)
Illustrative profiles of damping functions are shown in Fig.1a.
The second type is represented by the Ohmic-type spectral
function, which can imitate many different thermal baths
and is applicable, for instance, to superconducting Joseph-
son junctions50 and nano-mechanical resonators.51 The cor-
responding spectral function is given by:5
JO (ω) = 2piηω
(
ω
ωc
)s−1
e
− ωωc , (19)
where ωc is the critical wavelength of the environment spec-
tra and η is the coupling strength. The parameter s denotes
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Figure 2. Negativity volume N for the qubit-qubit system
coupled to (a) the Lorentzian environments: the blue curve
∆ = 1 (δ0 = 10), the orange curve ∆ = 8, the green curve
∆ = 16; and (b) the Ohmic-type environments: the blue
curve s = 0.5, the orange curve s = 1, the green curve s = 3.
The remaining parameters are the same as for the Fig.1.
the Ohmic for s = 1, sub-Ohmic for 0 < s < 1, and super-
Ohmic for s > 1 cases. Three illustrative realizations are
shown in Fig.1b. The corresponding correlation function is
obtained as:
fO(τ − τ ′) = 2ηpiΓ(s+ 1)e
i(τ−τ ′)ω0
ωs−1c
[
i(τ − τ ′)+ 1ωc
]1+s . (20)
The symbol Γ marks the gamma function.
Numerical simulations
In this section, we numerically compute the NV of the GWF
of the qubit-qubit and qubit–squeezed coherent states sub-
jected to different non-Markovian environments. A photonic
part in the second hybrid system is represented by a squeezed
coherent state. For that we numerically integrate the mas-
ter equation in (1) by applying the fourth-order Runge-Kutta
method for different time-dependent damping functions, con-
sidered in the previous section. The choice of the stud-
ied states is dictated by the frequent use of the qubit and
squeezed coherent states in entanglement-based quantum in-
formation protocols utilizing the DV and CV states, respec-
tively.52,53 By knowing the dynamics of a density matrix
ρˆ(t), we then calculate the non-Markovianity measure DNM ,
in Eq. (12), for studied states to demonstrate its ability to
quantitatively capture the deviation of the time evolution of
hybrid states from the ordinary Markovian dynamics, which
is also reflected in the qualitative non-monotonic behaviour
of the NV of the GWF.
Qubit-qubit state
Let us start, first, from the qubit-qubit state, written in the
following form:
|Ψ1〉= 1√
2
(|00〉+ |11〉) . (21)
The state in Eq. (21) is one of the maximally entangled Bell
states.54 Now, lets assume that the first qubit is coupled to
a non-Markovian dephasing channel, modelled by the Lind-
blad operator Lˆq in Eq. (13). In Fig.2a we plot the time
evolution of the NV N of the GWF along with correspond-
ing values of DN for the qubit-qubit state for three different
cases of Lorentzian environments, which have been depicted
in Fig. 1a. The blue curve corresponds to the Markovian
case, as the NV only gradually decreases in time. The other
two curves (orange and green) exhibit a partial revival in the
negativity volumes indicating the non-Markovian evolution.
The similar trends in the behaviour of the NV for the qubit-
qubit state can be observed for the Ohmic-type environments
shown in Fig.2b. The different kinds of the Ohmic bath have
been displayed in Fig. 1b.
Note also that in both Figs. 2a and 2b, the NV tends
to the value N = 1/
√
3− 1/2 ≈ 0.08 with t → ∞, as the
initial qubit-qubit entanglement eventually completely de-
grades. This is so-called critical value of the NV, namely,
it is the maximal value of the NV which is generated by non-
entangled, i.e., ’classical’ qubits. Above that critical value,
the NV indicates the presence of the quantum correlations in
the system.34
Qubit-Squeezed Coherent state
The second example, we would like to consider, is an entan-
gled hybrid state,55 where a DV part is presented by a qubit
and the CV part by a squeezed coherent state (SCS). This
entangled hybrid state reads as
|Ψ2〉= 1√
2
(|0,(ξ1,α1)〉+ |1,(ξ2,α2)〉) . (22)
The SCS is defined as |ξi,αi〉 = Dˆ (αi) Sˆ(ξi) |0〉c,
where Dˆ(α) = exp
(
α aˆ†−α∗aˆ) is the displacement op-
erator, the single-mode squeezing operator is Sˆ(ξ ) =
exp
[
ξ aˆ
†2
2
− ξ ∗ aˆ2
2
]
, and |0〉c is vacuum state. Moreover, we
assume here that only the photonic part, i.e., SCS, is exposed
to a non-Markovian environment.
To visualize the effect of the photon decoherence, we plot
the GWF of the reduced photonic part for three different sce-
narios, namely, before and after the phase and amplitude
damping in Figs.3a, 3b and 3c, respectively. The GWF
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Phase
damping
Amplitude
damping
Figure 3. The Wigner function for the photonic state given
by Eq.(22) for the initial state (a) and after it undergoes of
the phase damping (b) and the amplitude damping (c). The
state parameters are α1 =−α2 = 1+ i, r1 = r2 = 0.15, and
φ1 =−φ2 = 1.5 together with the Ohmic-type environment
with s = 0.5, c2 = c4 = 1, and with (a) η = 0.005 and (b)
η = 0.01. The remaining parameters are the same as for the
Fig.1.
Wp(β ) of the reduced photonic state is found by integrat-
ing out the degrees of freedom θ of the qubit state, that is
Wp(β ) =
∫
dθW (θ ,β ) (see Ref.34 for details). In case of
the phase damping [presented by the Lindblad operator Lˆp,2
in Eq. (13)], the reduced GWF of the initial SCS transforms
as depicted in Fig.3b. As one can see, the phase of the ini-
tial reduced SCS is smeared in time. Although the real am-
plitude remains unchanged, which is interpreted as a mixed
state. Whereas in case of the amplitude damping [embodied
by the operator Lˆp,1 in Eq. (13)], the GWF of the photonic
state renders as shown in Fig.3c, that is, it just degrades to
the vacuum state |0〉c.
The Lorentzian environment is presented in the Fig.4 for
the both phase and amplitude damping channels and for vary-
ing parameters of environments. The blue curve in both plots
marks the Markovian case, and the yellow and green curves
are related to the non-Markovian case. One can see the re-
lated degrees of non-Markovinity, given by Eq.(12), in cor-
ners of each plot. Additionally, the main distinctiveness be-
tween curves in Fig.4 is the minimum N achieved in each
case. In the case of amplitude damping Fig.4b, the Wigner
function reaches the minimalN in the Markovian dynamics,
in a given time interval, whereas other curves are approach-
ing this value only slowly. This means that the squeezed
coherent state turns into the vacuum state |0〉c represented
in Fig. 3c and a source of negativity is hidden in the qubit
part. For the phase dumping, the resulting state, which is a
mixed state, contains still more correlations than the previous
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Figure 4. Negativity volume N for the qubit-photonic
system, where the photonic part is coupled to the Lorentzian
environment while undergoes of (a) phase and (b) amplitude
damping. The blue curves correspond to ∆ = 1, the orange
curves to ∆ = 5 and the green curves to ∆ = 16. In (a) for
∆ = 1 δ0 = 2.5, ∆ = 8 δ0 = 5, ∆ = 16 δ0 = 5; and in (b) for
∆ = 8 δ0 = 10. The photonic state parameters are:
α1 =−α2 = 1+ i, r1 = r2 = 0.15, and φ1 =−φ2 = 1.5. The
remaining parameters of are the same as for the Fig. 1.
case, which is reflected by higher values ofN , see Fig.3b. A
quite similar behavior can be observed as well in Fig.5 for
the Ohmic-type environments.
Discussion
We have introduced a new measure of non-Markovianity
based on the negativity volume of the generalized Wigner
function, which can be applied to any quantum composite
system, i.e., hybrid system. We have illustrated its power to
reveal non-Markovian dynamics by considering a few canon-
ical examples. Namely, we have applied it to the qubit-qubit
and qubit–squeezed-coherent hybrid states. Such compos-
ite systems have been exposed to different bosonic environ-
ments.
Most importantly, our proposed measure is state-
independent and, therefore, is universal, as it is solely based
on the GWF defined for any hybrid state. Moreover, the ex-
perimental advances56 allow us to expect that the experimen-
tal measurements of the GWF will become a standard tool
in characterizing complex composite quantum systems and
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Figure 5. Negativity volume N for the qubit-photonic
system, where the photonic part is coupled to the
Ohmic-type environments while undergoes of (a) phase and
(b) amplitude damping. The blue curves correspond to
s = 0.5, the orange curves to s = 1 and the green curves to
s = 3. In (a) for s = 0.5 η = 0.005. The remaining
parameters are the same as for the Fig. 4.
their dynamics in the near future. Additionally, the knowl-
edge of the GWF offers the opportunity to perform not only
quantitative but also qualitative analysis of the time evolution
of any quantum hybrid systems.32,33
We note, however, that the knowledge of the NV of the
GWF, in general, requires an implementation of a state to-
mography, which can be source demanding. Nonetheless,
the task can be substantially simplified if the initial state is
known.57 In this case, one can focus on detecting a specific
region of the GWF, which demonstrates the largest concen-
tration of the NV in a system, and, especially, when such a
region exhibits an interference-like pattern, which indicates
the region where the quantum correlations are revealed the
most. This allows not only to probe the quantum correlations
in a hybrid system with limited sources, but, consequently,
also the non-Markovianity of its environment.
We, thus, believe that our results will ignite further devel-
opments in devising new experimental schemes allowing to
reconstruct a GWF of any hybrid state, whose negativity vol-
ume can serve as a universal tool in detecting the nonclassi-
cality and non-Markovianity in composite hybrid systems.
Methods
Generalized Wigner function for hybrid qubit-
photonic systems
The generalized Wigner function, defined for a hybrid sys-
tem, e.g., consisting of a qubit and photonic, i.e., bosonic,
parts, can be written as follows30
W (φ ,θ ,β ) = Tr
[
ρˆ∆ˆq(φ ,θ )⊗ ∆ˆb(β )
]
, (23)
where
∆ˆq(φ ,θ ) =
1
2
[
UˆΠˆqUˆ
†
]
, ∆ˆb(β ) = DˆΠˆbDˆ
† (24)
are kernel operators corresponding to the qubit and bosonic
subsystems, respectively. The operator Uˆ is a rotational oper-
ator in SU(2) algebra, namely Uˆ = eiσˆ3φ eiσˆ2θ eiσˆ3Φ with Pauli
operators σˆi, i = 1,2,3, and angles φ ,Φ ∈ [0,2pi ], θ ∈ [0,pi ].
Πˆq = Iˆ2−
√
3σˆ3 is a parity operator of the qubit. The opera-
tor Dˆ is the displacement operator of the coherent state, i.e.,
Dˆ = eaˆ
†β−aˆβ ∗ , where aˆ (aˆ†) is annihilation (creation) boson
operator. The corresponding bosonic parity operator reads
as Πˆb = e
ipi aˆ†aˆ. The normalization condition
∫
WdΩ = 1 is
obtained by means of an appropriate integral measure dΩ,
which is a product of normalized differential volume of SU(2)
space of a qubit with a Haar measure dν58,59 and differential
volume of bosonic field space d2β
dΩ = dνd2β =
1
pi
sin2θdφdθd2β (25)
with allowed integrating range of angles φ ∈ [0,2pi ], and θ ∈
[0,pi/2].60
The form of a kernel operator ∆ for a more complex hybrid
states, e.g., consisting of N-level systems, can be found in
Refs.30,31
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